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PMHXED PROGRAMPMING

detf f(x:int) = x + 2
def h(g) = g(true)
h(f)



FROIPG MEXEL 00 R A

Mixed-Type
Program

\@ugﬁ

def f(x:int) = x + 2

Gradually-Typed def h(g:?) =g(true:?):?

Program

h(f£:?) Siek & Taha, 2006]
[Wadler & Findler, 2009]

4



FROIPG MEXEL 00 R A

Mixed-Type
Program
Imprecise
Types
Gradually-Typed
Program
h(f:?) [Siek & Taha, 2006]

[Wadler & Findler, 2009]

4



FREg GRAL A 0] L s 1>

def F(xeinty — % + 2
def h(g:?) =g(true:?):?

h(f£:?)

def f(x:int) = x + 2

Cast def h(g:?) =(<?2»?<?>qg) (<?<bool>true)

Program
h(<?<bool>f)

Gradually-Typed
Program

[Siek & Taha, 2006]
[Wadler & Findler, 2009]

5



FREg GRAL A 0] L s 1>

def f£(x:int) = x + 2
def h(g:?) =g(true:?):?

h(f£:?)

def f(x:int) = x +

| L ~
Cast def h(g:?) =(<?8?2<?>qg) (<?<bool>true)
Program |

Gradually-Typed
Program

Casts

h(<? Ebool S ) [Siek & Taha, 2006]

[Wadler & Findler, 2009]
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IRl O PO AN L A |

even : Dyn — Dyn = An:Dyn. if (n = 0) then true else odd (n — 1)

odd : Int — Bool = An:Int. if (n = 0) then false else even (n — 1)

Herman et al. Space-Efficient Gradual Typing



LIEAG O AU AN AL E

An:Dyn. if (n = 0) then true else odd (n — 1)

An:Int. if (n = 0) then false else even (n — 1)

“D )

yn

is pronounced
“7”

Herman et al. Space-Efficient Gradual Typing



LIEAG O AU AN AL E

even : Dyn — Dyn = An:Dyn. if (n = 0) then true else odd (n — 1)
odd : Int — Bool ' \n:Int. if (n = 0) then false else even (n — 1)
Cast
Insertion
odd. : Int — Bool = An:Int. if (n = 0) then false else((Bool))(even ((Dyn) (n—1)))

Herman et al. Space-Efficient Gradual Typing



LIEAG O AU AN AL E

even : Dyn — Dyn = An:Dyn. if (n = 0) then true else odd (n — 1)
odd : Int — Bool ' \n:Int. if (n = 0) then false else even (n — 1)
Cast looks like tai
Insertion recursion!
odd. : Int — Bool = An:Int. if (n = 0) then false else(Bool))(even ((Dyn)n—1)))

Herman et al. Space-Efficient Gradual Typing



LIEAG O AU AN AL E

even : Dyn — Dyn = An:Dyn. if (n = 0) then true else odd (n — 1)
odd : Int — Bool ' \n:Int. if (n = 0) then false else even (n — 1)
Cast looks like tail
Insertion recursion!
odd. : Int — Bool = An:Int. if (n = 0) then false else (even ((Dyn) (n—1)))

Herman et al. Space-Efficient Gradual Typing



WRAP VALUES OVER AND OVER!

def

evenke : Int — Bool = An:Int. A\k:(Dyn — Dyn).

if (n=20)

then (Bool) (k ((Dyn) true))

else oddk. (n — 1) ({(Bool — Bool) k)
oddke : Int — Bool ' An:Int. Ak :(Bool — Bool).

if (n=20)
then (k false)
else evenk: (n — 1) ((Dyn — Dyn) k)

Herman et al. Space-Efficient Gradual Typing



WRAP VALUES OVER AND OVER!

evenke : Int — Bool = An:Int. \k: (Dyn — Dyn).

if (n=20)
then (Bool) (k ((Dyn) true))
else oddk. (n — 1) ({(Bool — Bool) k)

oddke : Int — Bool = An:Int. M\k: (Bool — Bool).
if (n=20)
then (k false)

else evenk: (n — 1) ((Dyn — Dyn) k)

Herman et al. Space-Efficient Gradual Typing
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i M .
Typed lyped
Unityped [Siek and Taha 06] Simple
Unityped SiekandTaha 08]  Subtyping
Unityped  [Siek andVachharajani 08] ~ Hindley/Milner
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static type system &
type safety proof

interpretation of
gradual types

Abstracting Gradual Typing

Ronald Garcia*  Alison M. Clark f Eric Tanter !
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Department of Computer Science Computer Science Department (DCC)
University of British Columbia, Canada University of Chile, Chile
{rxg,amclark1}@cs.ubc.ca etanter@dcc.uchile.cl

POPL 2016

gradual language- -

TYPE | DYNAMIC

SYSTEM | SEMANTICS

|0
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SR GO INEVYS

def

evenkc : Int — Bool = An:Int. Ak:(Dyn — Dyn).

if (n=0)

then (Bool) (k ((Dyn) true))

else oddk. (n — 1) ({(Bool — Bool) k)
oddke : Int — Bool = An:Int. M\k: (Bool — Bool).

if (n=0)
then (k false)
else evenk: (n — 1) ((Dyn — Dyn) k)

Herman et al. Space-Efficient Gradual Typing



SR GO INEVYS

evenk. : Int — Bool Dyn).

((Dyn) true))
1) ((Bool — Bool) k)

> Bool). VVFapren
each call!

-1) ((Dyn — Dyn) k)

oddk. : Int — Bool

Herman et al. Space-Efficient Gradual Typing



CONSERVATIOIN OF GOCINESS

f :
even : Dyn — Dyn - An:Dyn. if (n = 0) then true else odd (n — 1)
odd : Int — Bool ' \n:Int. if (n = 0) then false else even (n — 1)
Cast looks like a
Insertion tail call!
odd. : Int — Bool = An:Int. if (n = 0) then false else (Bool) (even ((Dyn) (n—1)))

Herman et al. Space-Efficient Gradual Typing



CONSERVATIOIN OF GOCINESS

even : Dyn — Dy else odd (n — 1)

odd : Int — Boo

else even (n — 1)

looks like a
tail call!

FREEDOM”

“terms and conditions may apply.

def

odd. : Int — Bool An:Int. if (n = 0) then false else (Bool) (even ((Dyn) (n—1)))

Herman et al. Space-Efficient Gradual Typing




L ess
Typed

Unityped [Garcia et al. 16] T Simple

Unityped [Toro et al. 9] Y Parametricity

14




AG I-BASED DISCIPLINES

More

L ess
Typed

lyped

Unityped [Toro et al. 9] Y Parametricity

14
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CAob S U REC IR
SUBTYPING



GTFL.

S e Glype = ?\lntlBool\SeS\[ﬁ]\[l:S,?]



GTFL.

records with

width/depth subtyping

S € GType := ?|Int|Bool | S —> S|[l:S]|[l:S,7?]



“unknown
type”

records with

width/depth subtyping

APt Bdel S el S S



“unknown
type”

records with

width/depth subtyping

APt Bdel S el S




AL F

let sum (hasM : Bool) (x : [f : Int, ?]) =
if hasM then x.f + x.m else x.f + x.q
in (sum true [f = 6,m = 2]) + (sum false [f = 6,q = 2])



AL F

have an
integral “f” field

let sum (hasM : Bool) (x : [f : Int,?]) =
if hasM then x.f + x.m else x,f + x.q
in (sum true [f = 6,m = 2|) + (sum false [f = 6,q = 2])




AL F

have
additional fields

let sum (hasM : Bool) (x : [f : Int,?]) =
if hasM then x.f + x.m else x.f + x.q
in (sum true [f = 6, m = 2]) + (sum false




AL F

have
additional fields

let sum (hasM : Bool) (x : [f : Int,?]) =
if hasM then x.f + x.m else x.f + x.q
in (sum true [f = 6, m = 2]) + (sum false

“Type-constrained
downcasting”



EA e P

et x: [a:Int,b: Bool] = [a = 5,b = false] in
ety:|a:Int,?] =xin

etz:|a:Int,b: Bool| =y in

z.b




EALIE F 2

et x: [a:Int,b: Bool] = [a = 5,b = false] in
ety : milnt 2| —o<in

etz:[a:Int,b: Bool] =y in

z.b

runtime

“type check”




EALIE F 2

et x: [a:Int,b: Bool] = [a = 5,b = false] in
ety : milnt 2| —o<in

etz:[a:Int,b: Bool] =y in

z.b

runtime

Type Checks
Runs Successfully

“type check”




EALIE F 2

et x : |a: yot| = [a = 5, b = false]| in
ety : milnt 2| —o<in

etz:[a:Int,b: Bool] =y in

z.b

runtime

Type Checks
Runs Successfully

“type check”




EAANMELE 3

a:Int,b: Bool| <: |a: Int]

et x : [a: Int] = [a = 5,b = false] in
et v la ot ) — xin
etz:|a:Int,b: Booll =y in

z.b

runtime

“type check”




EAANMELE 3

a:Int,b: Bool| <: |a: Int]

et x : [a: Int] = [a = 5,b = false] in
et v la ot ) — xin
etz:|a:Int,b: Booll =y in

z.b

runtime
“type check”

Type Checks
Runtime Error!




TYrES S EAIC AN GRADUAT

records with

width/depth subtyping

APt Bdel S el S

“unknown
type”




TYrES S EAIC AN GRADUAT

records with
width/depth subtyping

|

Int | Bool | T > T |[l:T

T € Type

S € Glype := ?|Int|Bool | S— S| [l:S]]|[l:S,?]

Type C GTYPE

“unknown
type”




TYrES S EAIC AN GRADUAT

records with
width/depth subtyping

|

Int | Bool | T > T |[l:T

T € Type

SeGIype == ?|Int|Bool|S—S|[l:S]]|[l:S,7?]

Type C GTYPE

“unknown
type”

every static type is also
a gradual type




FPRECISION

S € {Int, Bool } S11E S21  S12 E S99 51i E S2i
S SES 211 01 & D21 922 i = S1il E [1i : S2i]
51i E S2i

[Li = S1i, i = S1j, ] © [1; : S24, 7]



FPRECISION

S € {Int, Bool } S11ES21  S12 E Sa S1i E S
Samve SiES S11 — S12 € Sa1 — Sa2 Ui = S1il E [Li = Sail
S1i C 52i “
4 type IS most [li : S1is i S1j,#] T [1i : S2i, 7] ‘

Imprecise

e~

? —Bool Int—?7

\ B

(Int — ?) — Bool :



FPRECISION

S € {Int, Bool } S11 ES21 S12 C S99 51i E S2i
Samve SiES S11 — S12 € Sa1 — Sa2 Ui = S1il E [Li = Sail
S1i E S2j 7
4 type IS most [li : S1is i S1j,#] T [1i : S2i, 7] ‘
Imprecise P

e

? —Bool Int—?7

\ 2

(Int — 7) — Bool
Static Types ‘

(Int — Int) — Bool

are Least




“;k”

PREC‘S‘ON stands for

€€)I) €6
!

or

S € {Int, Bool } 51i E S2i

e Sl [li : S1:] C [ = Sai
/s
/ ! row adds
imprecision about
a: Int,7?] Fielleks

la:Int,b: Bool,?| |a: Int]

o

a : Int,b: Bool -



CONSIHPEN FL I LHNG

Consisten
S]. SQ Subty|:1iingt
if and only if I__I ‘ L_I ‘
Tl < . T2 Static.

Subtyping

For some Tl and T2



EAAIPL D

a:Int,b: Bool| < [a: Int]

S1 S 59

T1 ] T2



EAAIPL D

a:Int,b: Bool| < [a: Int]

a:Int] £ la:Int,b: Bool

S0

T1 ] T2



EAAIPL D

a:Int,b: Bool| < [a: Int]
a:Int] £ la:Int,b: Bool

a:Int,?] < la:Int,b: Booll

Y

S0

T1 ] T2



EAAIPL D

a:Int,b: Bool] < |a : Int]

a:Int,?] < la:Int,b: Booll

Y

|
a:Int] £ la:Int,b: Bool
|
|

a:Int,b: Bool| < |a: Int,?]

S0

T1 ] T2



EAAIPL D

. Int, b : Bool| < |a : Int]
. Int] £ |a : Int, b : Bool]

:Int,?] < la: Int, b : Booll

Y

. Int, b : Bool| < |a : Int, ?]

. Int] £ |a : Int,b : Bool, ?]

S1 S 59

T1 ] T2



EAAIPL D

. Int, b : Bool| < |a : Int]
. Int] £ |a : Int, b : Bool]

:Int,?] < la: Int, b : Booll

Y

. Int, b : Bool| < |a : Int, ?]
. Int] £ |a : Int,b : Bool, ?]

. Int, b : Bool,?| < |a: Int,?]

S1 S 59

8 <
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SPFIARCHIC S CIE CSHATIUIAT 4 TEES

S v : GTYPE — P (TYPE)
“S) =k ey | T =51

Concretization Function

Some critical properties:
e i L

Sl Bk SQ S ——— ’Y(Sl) (G ’7/(32)

25



SPFIARCHIC S CIE CSHATIUIAT 4 TEES

o o : P (TyPE) — GTYPE
a(C)=1{S € GTyee | C C v(S5) }

Abstraction Function

Some useful properties:
a({TY) =T (even better:a(y(S))=5)
Cl o CQ — Oz(Cl) ()4(02)

26



EVIDENCE (LE, “CASTS”)

S1 <9
o runtime
evidence
o UL S U,



EVIDENCE (1E, “CASTS”)

S1 =5
i 2,}/ runtime
ﬁy / \ evi dence

@ 812|_U1<U2




VbR E e L ahTs )

S1 555 .
o runtime
Y / \ evidence
Y ¢
X = X
eig F UL S Us

e

=



VbR E e L ahTs )

runtime
evidence




VbR E e L ahTs )

runtime
evidence

27
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runtime
evidence

27



EVilENLE L Lo DGt s )

runtime
evidence

27



COMBPCIST IO

goz =59 < 53 eip b5 = 5

€12 §€23 F 51 S 53

Runtime Proof
of Transitivity



COMBPCIST IO

goz =59 < 53 eip b5 = 5

€12 §€23 F 51 S 53

Runtime Proof

of Transitivity

“cast error”
if undefined



COMBPCIST IO

E12 9 €23



COMBPCIST IO

(S1,591) § (Sa9,53)



COMBPCIST IO

(S1,591) § (Sa9,53)

%




CORMBPCS]T IO

(S1,591) § (Sa9,53)
9 8




CORMBPCS]T IO

<S1752 9
fy 1> 9 <5227SS>
p” /y

’e" :




COMPOSITION
(S1, 5

1> 3 <‘9227 SS>




COMPOSITION
(S1, 5

1> 3 <5227 SS>




COMPOSITION
(S1, 5

1> 3 <5227 SS>




COMPOSITION
(S1, 5

1> 3 <5227 SS>




COMPOSITION
(S1, 5

1> 3 <‘9227 SS>




COMPOS\T\ON

< undefined If empty



COMPOS\T\ON

< undefined If empty
/ N, g cc 99
<T1, T3> refutation / “cast error



COMBPCIST IO

(S1,591) § (Sa9,53)

< undefined If empty
~/ N, g cc 99
<T1, T3> refutation / “cast error

T e S S A S B S e T N e S



SR GO INEVYS

evenk. : Int — Bool Dyn).

((Dyn) true))
1) ((Bool — Bool) k)

> Bool). VVFapren
each call!

-1) ((Dyn — Dyn) k)

oddk. : Int — Bool

Herman et al. Space-Efficient Gradual Typing



SR GO INEVYS

evenk. : Int — Bool Dyn).

((Dyn) true))
1) ((Bool — Bool) k)

oddk. : Int — Bool

-1) ((Dyn — Dyn) k)

Herman et al. Space-Efficient Gradual Typing



CONSERVATIOIN OF GOCINESS

f :
even : Dyn — Dyn - An:Dyn. if (n = 0) then true else odd (n — 1)
odd : Int — Bool ' \n:Int. if (n = 0) then false else even (n — 1)
Cast looks like a
Insertion tail call!
odd. : Int — Bool = An:Int. if (n = 0) then false else (Bool) (even ((Dyn) (n—1)))

Herman et al. Space-Efficient Gradual Typing



CONSERVATIOIN OF GOCINESS

even :Dyn — Dyn = An:Dyn. if (n = 0) then true else odd (n — 1)

odd : Int — Bool do A In® it | ) then false else even (n — 1)

looks like a
tail call!

Cast
Insertion

{

odd. : Int — Bool o An:Int. if (n = 0) then false else (Bool) (even ((Dyn) (n—1)))

s

Herman et al. Space-Efficient Gradual Typing




DON'T BE (TOO) EAGER!

odd 6 —*

(Bool) (Boo
(Bool) (Boo
(Bool) (Boo

false

(Bool) ¢ ((Bool) § (Bool))

)odd 2 —7

) (Boo
) (Boo

) OC

) fa

ai—
g8 et

Space-Inefficient
computation

“right-to-left” composition



DON'T BE (TOO) EAGER!

odd 4 —~

Bool) (Bool) odd 2 —

)odd 2 —*

ool) (Bool) odd 0 — Space-efficient
)
)

vy,

o]0

vy,

(
<
(
(

odd 0 —* computation

vy,

00
(Bool) false —

false

((Bool) 5 (Bool)) § (Bool) “left-to-right” composition



Ao IATIVE] T

Herman et al. works because:

(Bool) ¢ ((Bool) § (Bool)) = ({Bool) § (Bool)) s (Bool)



Ao IATIVE] T

AGT can be space-efficient if:

=psilon

RSB CILATES -LELK.



TRAGELY

e1 = ([z : Int,?], [z : Int])

e2 = (7}, [7])

e3 = (|ly : Booll, |y : Bool|)

[£19c0)des £15(e25€3)
(z 2 Int, ?], [?]) §e3 = e1 % (ly : Bool,?], |y : Booll|)
(lx : Int,y : Bool,?|, |y : Bool]) undefined!




POS -NON-MORTEM

e1 = ([z : Int,?], [z : Int])

e2 = (7}, [7])

e3 = (|ly : Booll, |y : Bool|)

(€18€2) 5e3 =
e lnt 2 1 ses —

(lx : Int,y : Bool,?|, |y : Bool|)




POS -NON-MORTEM

1 = [z : Int,?], [ : Int])

e2 = (2], [?])
es = (|y : Booll], |y : Bool])

Lost Info:

(6_1862)863: ol{ [z Int].[11) = [
(e wlnt 2] [Tl eme—

(lx : Int,y : Bool,?], |y : Bool])




BOUNDED GRADUAL ROWS

Redesign our Evidence Pairs
(Surface Language Stays the Same)

R|O
Unit | Si=S 12 s =S s Ll b 1eh :5Co L7



MEC AN A KON G 500
SPACE (ORTIME) EFFICIENT xS

|4 GSM (Grad Student Months)
57K Lines of Coq With some ad hoc
extras

“Beware of running it since it takes about 3 days and about 24
GB of RAM at one point.:)”



MEC AN A KON G 500
SPACE (ORTIME) EFFICIENT xS

|4 GSM (Grad Student Months)

57K Lines of Coq With some ad hoc
extras

“Beware of running it since it takes about 3 days and about 24
GB of RAM at one point.:)”
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MEC AN A KON G 500
SPACE (ORTIME) EFFICIENT [EZsk

|4 GSM (Grad Student Months)
57K Lines of Coq With some ad hoc
extras

“Beware of running it since it takes about 3 days and about 24
GB of RAM at one point.:)”
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CONSISPEIN  ERANSERIVIET Y

(S1,591) § (Sa9,53)

< undefined If empty
~/ N, g cc 99
<T1, T3> refutation / “cast error

T e S S A S B S e T N e S



ABSITRACEVIEVY O EVIHIENCE

Y =g (o)
Y<:(51,52) ={{(I,T3) | T €y(S;))and T; <: T3 } .

a~ P (<) > <

Y

a~(R) = (a(m(R)), a(m2(R))) .

Evidence for a consistent judgment 1s represented as a tuple of
gradual types that characterize the space of possible static type re-
lations."

h Abstractions can lift to tuples other ways too (Cousot and Cousot 1994).



ABSTRACTE VIEVY OF EVIDENCE

v<' : EVIDENCE — PT(<:)
Voile)

o - P (<) - EVIDENCE
a (K-
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ACIFPEREPN] APFROAC T

Making Abstract Interpretations Complete. . . With respect

to some operation
ROBERTO GIACOBAZZI

Universita di Verona, Verona, Italy

FRANCESCO RANZATO

Universita di Padova, Padova, Italy

AND
FRANCESCA SCOZZARI

Ecole Polytechnique, Palaiseau, France

Two notions of completeness: ot 'I
P =psilon
a_completeness AESDETATES ITHE.

(y-completeness> y<(e1) 5% y(ea) = 7<*(e1 3 €2)
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W E GRADUAL | YPINGE

The Dynamic Practice and Static Theory of
Gradual Typing

Michael Greenberg

Pomona College, Claremont, CA, USA
http://www.cs.pomona.edu/~michael/
michael@cs.pomona.edu

- Abstract

We can tease apart the research on gradual types into two ‘lineages’: a pragmatic, implementation-
oriented dynamic-first lineage and a formal, type-theoretic, static-first lineage. The dynamic-first
lineage’s focus is on taming particular idioms—‘pre-existing conditions’ in untyped programming
languages. The static-first lineage’s focus is on interoperation and individual type system features,
rather than the collection of features found in any particular language. Both appear in programming
languages research under the name “gradual typing”, and they are in active conversation with each
other.

What are these two lineages? What challenges and opportunities await the static-first lineage?
What progress has been made so far?




§:EvXEv —=Ev| Consistent Transitivity

)P L= )

(SIS SR D N =0 2N where S € {Int, Bool }

(220818 ) i=4575) where S € { Int, Bool }
(811779 5105521 =022 5 (0. %) = A1 512,501 =2502) 5 (8 il 2oih)
(2,2 § (511 = 512,521 = S22) = (? > 2,7 = 2) § (S11 — 512,521 — S22)
(2.7 5 (i : Siv+als [l = Sy, %2]) = (7L [20) § (Ui = Sis#a)s [1 = Sj, %2])
(i = Sy 11, [ = w21y § (22 = ([ = Siy +1L [ = S5y %21y 5 <120, [2D)

(§5,5)5(S,S) =(S,S) where S € {Int, Bool }
(S11 — 512, S21 — S22) § (531 — 532,541 — Sa2) = (S51 — S52,561 — Se2)
where (S41,531) § (S21,511) = (S61,551),  (S12,S22) § (S32,S42) = (S52, S62)

(i = Sivs*1) [Li = Siz,*21) § ([Li = Sizs*3], [Li = Sia, *4]) = ([Li = Sis, *5], [li : Si6» *6])

(*1,%2) | (*3,%4) | = (¥5,%6)
(0,0) | (*3,%4) (0, 0)
(i) (?,7) (?,?)

else (?,0)

where (S;i1,Si2) § (Si3, Sia) = (Si5, Si6)»

]
+

<[ll : Sils l_] : S]l ) *1]3 [ll : Siz, l_] ]2 9 ]> <[ 139 °], [ll : Si49 *4]) S
([li : Si1, 1j : Sjx R I7 : Sio, lj =5j2 s el es Sl or Rl S8

(L = Sit, 21, (L = iz 21D 8 ([l = Siz Ik = Sz »#3), [1i : Sio g @ Sk »*4]) =
(L = Sits Ig T AL : Si2, I 2,21 8 ([ : S35k + Skz »*3), [l ¢ Sias Ik : Ska 1%4)

([li : Si1, 25j1+,?], [l : Si2, lj : Sj2 ,-]> ([Li Si3>lk Sl S b S e

([li :Sil,lj :Sle,lk :? ] [l Slz,l 5]2 5 £ ]) ([ Si3alk :Sk3,lj ; ?T,?], [li :Si4,lk :Sk4, *4])

Fig. 5. Consistent Transitivity: Part 1
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(i - Sit, 1 SJ1 lk Sk *1],[11‘:51'2,1 SJZWJD (i : Siz, I SJ3 ],[l-:Si4,*4]>=
(lraSsle 515 T SE ] [ i Sies #41)

D ;

®; @ j Ty
(Ui = Sit, 4= Sj1 7o lg = Squ. b = S o#al [l = Sizn k= Sja Sq2]> ([Li = Sis, 1 5]3 721 s : Sia #4]) =
([l : SiS,l S]S lq Sqlslk Sk ,*1] [l Si6» *4])

D; Sn D D;
<[li ST :Sml,lj :Sjl J,l Al lk :Sk k,*l],[li :Siz,lj :sz J,?]}S
Dn D
([Li = Sizslm Sm3,lp SpS,l 5]3 ,ln :Sn3 L by 1S ks [l : Sigy I Sm4,lp Sp4,*4]>
([Li = Sisslm : Sms, lp : SpS, lj : SjS > ln : SnSWH, Iy - Srswr, I - Skw %11, [Li = Sies lm = Smes lp : Spé, *4])

B =?if{§,ﬁ®’}¢(b

!
ST

D; D + D @
([l : Sitslm : Sm1li :Sj1 7 In : Smy g 5q1 TR TS R A S S A el e S g s 2
<[l Sl3a lm Sm3, lp Sp3,l 5]3 ’ ll’l : Sn3wnalr : Sr3wr, ?]9 [ll : Si47 lm : Sm4’ lp : Sp4, *4]>

®; O, + @ i
R Pl Esiete I PR G o b VTR T 5]2 TR

1
S

(i « Siss Im Sm3,lp Sp3,l 5]3 ln :Sn?)wnalr 5Sr3wr»lq 272,70 s Sias bm ¢ Smas lp : Sp4,*4]>

where (Si1, Si2) § (Si3,Sia) = (Sis, Si6)> (Sj1,Sj2) § (Sj3,Sj3) = (Sjs, Sj6)
(Sm1,7?) § (Sm3,Sma) = (Sm5,Smé)> (Sn1,?) § {Sn3,Sn3) = (Sns,Sne)
(2,?2) 3 (Sp3, Spa) = (Sp5,Sp6) (?,?7) 3 (5r3,5r3) = (Sr5,Sre)
®; ©n,®r do not appear
(Bjantr, k) €{(0,+),(+,0),(+,+) }, Sjintr =10 (B}, ®n.®r) = (0,0,0)

+  otherwise

(51,52) § (Ss3,S4) undefined otherwise

Fig. 6. Consistent Transitivity: Part 2



