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1.1 The Cost of Gradual Typing

The interaction between typed and untyped code imposes certain requirements on
the design of the runtime semantics of gradually-typed languages. Gradually-typed
languages support both statically-typed and dynamically-typed code, and include run-
time checks (or type casts) at the boundaries between these two typing disciplines, to
guarantee that dynamically-typed code cannot violate the invariants of statically-typed
code.

To illustrate this idea, consider the following code fragment, which passes a dynamically-
typed variable x into a variable y of type Int:

let x : Dyn = true in

let y : Int = x in

. . .

During compilation, the type checker inserts a dynamic type cast hInti to enforce the
type invariant on y, yielding the “compiled” code:

let x : Dyn = true in

let y : Int = hInti x in

. . .

At runtime, this hInti cast detects the attempted type violation, since x contains true:

let x : Dyn = true in let y : Int = hInti x in . . .

�! let y : Int = hInti true in . . .

�! Error : “failed cast”

Unfortunately, even these simple, first-order type checks can impose unexpected
costs, as in the following example, where a programmer has added some type annota-
tions to a previously untyped program:

even : Dyn! Dyn

def
= �n :Dyn. if (n = 0) then true else odd (n� 1)

odd : Int! Bool

def
= �n :Int. if (n = 0) then false else even (n� 1)

This program seems innocuous, but su↵ers from a subtle space leak. Since even is
dynamically typed, the result of each call to even must be implicitly cast to Bool.
That is, after the type checker inserts the necessary casts, the compiled version oddc

of odd is:

oddc : Int! Bool

def
= �n :Int. if (n = 0) then false else hBooli (even (hDyni (n�1)))

These implicit casts result in unbounded growth in the control stack and so destroy
tail recursion.

Additional complications arise when first-class functions cross the boundaries be-
tween typing disciplines. In general, it is not possible to check if an untyped function
satisfies a particular static type. A natural solution is to wrap the function in a proxy
that, whenever it is applied, casts its argument and result values appropriately, en-
suring that the function is only observed with its expected type. This proxy-based
approach was formalized by Findler and Felleisen [2002] and widely used in subsequent
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literature [Flanagan, 2006, Gronski et al., 2006, Matthews and Findler, 2007, Siek and
Taha, 2006], but it has serious consequences for space e�ciency.

As a simple example, consider the following program in continuation-passing style,
where both mutually recursive functions take a continuation argument k, but only one
of these arguments is annotated with a precise type:

evenk : Int! Bool

def
= �n :Int. �k : (Dyn! Dyn).

if (n = 0) then (k true) else oddk (n� 1) k

oddk : Int! Bool

def
= �n :Int. �k : (Bool! Bool).

if (n = 0) then (k false) else evenk (n� 1) k

During compilation, the type checker inserts a dynamic type cast on the continuation
argument k, yielding the compiled code:

evenkc : Int! Bool

def
= �n :Int. �k : (Dyn! Dyn).

if (n = 0)
then hBooli (k (hDyni true))
else oddkc (n� 1) (hBool! Booli k)

oddkc : Int! Bool

def
= �n :Int. �k : (Bool! Bool).

if (n = 0)
then (k false)
else evenkc (n� 1) (hDyn! Dyni k)

Applying these functions to a su�ciently large n reveals the impact on space con-
sumption of performing repeated function casts to k:

evenkc n (hDyn! Dyni (�x :Bool. x))
�!⇤ evenkc n (�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1)))
�!⇤ oddkc (n� 1) (hBool! Booli (�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))))
�!⇤ oddkc (n� 1) (�z2 :Bool. hBooli

(�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))
(hDyni z2))

�!⇤ evenkc (n� 2) (hDyn! Dyni
�z2 :Bool. hBooli

(�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))
(hDyni z2)))

�!⇤ evenkc (n� 2) (�z3 :Dyn. hDyni
(�z2 :Bool. hBooli

(�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))
(hDyni z2))

(hBooli z3)))
�!⇤ . . .

The recursive calls to oddkc and evenkc quietly cast the continuation argument k with
higher-order casts hBool ! Booli and hDyn ! Dyni, respectively. This means that the
function argument k is wrapped in an additional function proxy at each recursive call!
Despite the fact that the function argument is only used at a total of two di↵erent types,

Herman et al. Space-Efficient Gradual Typing
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Abstract
Language researchers and designers have extended a wide vari-
ety of type systems to support gradual typing, which enables lan-
guages to seamlessly combine dynamic and static checking. These
efforts consistently demonstrate that designing a satisfactory grad-
ual counterpart to a static type system is challenging, and this chal-
lenge only increases with the sophistication of the type system.
Gradual type system designers need more formal tools to help them
conceptualize, structure, and evaluate their designs.

In this paper, we propose a new formal foundation for grad-
ual typing, drawing on principles from abstract interpretation to
give gradual types a semantics in terms of pre-existing static types.
Abstracting Gradual Typing (AGT for short) yields a formal ac-
count of consistency—one of the cornerstones of the gradual typing
approach—that subsumes existing notions of consistency, which
were developed through intuition and ad hoc reasoning.

Given a syntax-directed static typing judgment, the AGT ap-
proach induces a corresponding gradual typing judgment. Then
the type safety proof for the underlying static discipline induces
a dynamic semantics for gradual programs defined over source-
language typing derivations. The AGT approach does not resort to
an externally justified cast calculus: instead, run-time checks nat-
urally arise by deducing evidence for consistent judgments during
proof reduction.

To illustrate the approach, we develop a novel gradually-typed
counterpart for a language with record subtyping. Gradual lan-
guages designed with the AGT approach satisfy by construction the
refined criteria for gradual typing set forth by Siek and colleagues.
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1. Introduction
Software developers and researchers alike see great promise in pro-
gramming languages that seamlessly combine static and dynamic
checking of program properties. One particularly promising and
vibrant line of work in this vein is gradual typing (Siek and Taha
2006). Gradual typing integrates an unknown type ? and a notion
of type consistency into a pre-existing static type system. These
concepts lay the groundwork for designing languages that support
fully dynamic checking, fully static checking, and any point on the
continuum, while supporting incremental migration in either direc-
tion. Programmers using such languages enjoy a number of prop-
erties that are central to this language design discipline including
complete control over how much checking is done statically versus
dynamically.

Researchers have developed gradually typed variants for a sub-
stantial breadth of languages, including object-oriented (Siek and
Taha 2007; Takikawa et al. 2012), typestates (Garcia et al. 2014;
Wolff et al. 2011), ownership types (Sergey and Clarke 2012), se-
curity typing (Disney and Flanagan 2011; Fennell and Thiemann
2013), and effects (Bañados Schwerter et al. 2014). Despite these
successes, gradual typing faces important challenges. One key chal-
lenge is that its foundations are still somewhat murky. The above
wide-ranging efforts to adapt gradual typing to new typing disci-
plines consistently demonstrate that designing a satisfactory grad-
ually typed language becomes more difficult as the type system
increases in sophistication.

One consistent challenge that arises during efforts to gradual-
ize new type systems is how to adapt Siek and Taha’s notion of
consistency to new rich typing disciplines. The original work mo-
tivates consistency based on intuitions that ring true in the sim-
ple cases, but become more difficult to adapt as type systems get
more complex. Some of the aforementioned papers develop new
notions of consistency that can only be justified by appealing to
intuitions about the broader meaning of consistency (Sergey and
Clarke 2012; Siek and Taha 2007). Others avoid the issue alto-
gether by focusing on user-inserted casts (Disney and Flanagan
2011; Fennell and Thiemann 2013). Furthermore, developing dy-
namic semantics for gradually typed languages has typically in-
volved the design of an independent cast calculus that is peripher-
ally related to the source language, but its dynamics are also driven
mostly by intuition and inspiration from other checking disciplines,
e.g., (Findler and Felleisen 2002).

This paper addresses these challenges directly by developing
a new foundation for gradual typing. A particularly promising ap-
proach to such a foundation is hinted at by Bañados Schwerter et al.
(2014) who justify the design of a gradual effect framework by ap-
pealing to abstract interpretation (Cousot and Cousot 1977) to give
a direct interpretation to unknown effects, and from there derive
definitions for requisite notions of consistency. Inspired by that suc-

POPL 2016

static type system &
type safety proof

interpretation of 
gradual types

gradual language

TYPE
SYSTEM

DYNAMIC
SEMANTICS



10

Abstracting Gradual Typing

Ronald Garcia ⇤ Alison M. Clark †

Software Practices Lab
Department of Computer Science

University of British Columbia, Canada
{rxg,amclark1}@cs.ubc.ca
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literature [Flanagan, 2006, Gronski et al., 2006, Matthews and Findler, 2007, Siek and
Taha, 2006], but it has serious consequences for space e�ciency.

As a simple example, consider the following program in continuation-passing style,
where both mutually recursive functions take a continuation argument k, but only one
of these arguments is annotated with a precise type:

evenk : Int! Bool

def
= �n :Int. �k : (Dyn! Dyn).

if (n = 0) then (k true) else oddk (n� 1) k

oddk : Int! Bool

def
= �n :Int. �k : (Bool! Bool).

if (n = 0) then (k false) else evenk (n� 1) k

During compilation, the type checker inserts a dynamic type cast on the continuation
argument k, yielding the compiled code:

evenkc : Int! Bool

def
= �n :Int. �k : (Dyn! Dyn).

if (n = 0)
then hBooli (k (hDyni true))
else oddkc (n� 1) (hBool! Booli k)

oddkc : Int! Bool

def
= �n :Int. �k : (Bool! Bool).

if (n = 0)
then (k false)
else evenkc (n� 1) (hDyn! Dyni k)

Applying these functions to a su�ciently large n reveals the impact on space con-
sumption of performing repeated function casts to k:

evenkc n (hDyn! Dyni (�x :Bool. x))
�!⇤ evenkc n (�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1)))
�!⇤ oddkc (n� 1) (hBool! Booli (�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))))
�!⇤ oddkc (n� 1) (�z2 :Bool. hBooli

(�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))
(hDyni z2))

�!⇤ evenkc (n� 2) (hDyn! Dyni
�z2 :Bool. hBooli

(�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))
(hDyni z2)))

�!⇤ evenkc (n� 2) (�z3 :Dyn. hDyni
(�z2 :Bool. hBooli

(�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))
(hDyni z2))

(hBooli z3)))
�!⇤ . . .

The recursive calls to oddkc and evenkc quietly cast the continuation argument k with
higher-order casts hBool ! Booli and hDyn ! Dyni, respectively. This means that the
function argument k is wrapped in an additional function proxy at each recursive call!
Despite the fact that the function argument is only used at a total of two di↵erent types,
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1.1 The Cost of Gradual Typing

The interaction between typed and untyped code imposes certain requirements on
the design of the runtime semantics of gradually-typed languages. Gradually-typed
languages support both statically-typed and dynamically-typed code, and include run-
time checks (or type casts) at the boundaries between these two typing disciplines, to
guarantee that dynamically-typed code cannot violate the invariants of statically-typed
code.

To illustrate this idea, consider the following code fragment, which passes a dynamically-
typed variable x into a variable y of type Int:

let x : Dyn = true in

let y : Int = x in

. . .

During compilation, the type checker inserts a dynamic type cast hInti to enforce the
type invariant on y, yielding the “compiled” code:

let x : Dyn = true in

let y : Int = hInti x in

. . .

At runtime, this hInti cast detects the attempted type violation, since x contains true:

let x : Dyn = true in let y : Int = hInti x in . . .

�! let y : Int = hInti true in . . .

�! Error : “failed cast”

Unfortunately, even these simple, first-order type checks can impose unexpected
costs, as in the following example, where a programmer has added some type annota-
tions to a previously untyped program:

even : Dyn! Dyn

def
= �n :Dyn. if (n = 0) then true else odd (n� 1)

odd : Int! Bool

def
= �n :Int. if (n = 0) then false else even (n� 1)

This program seems innocuous, but su↵ers from a subtle space leak. Since even is
dynamically typed, the result of each call to even must be implicitly cast to Bool.
That is, after the type checker inserts the necessary casts, the compiled version oddc

of odd is:

oddc : Int! Bool

def
= �n :Int. if (n = 0) then false else hBooli (even (hDyni (n�1)))

These implicit casts result in unbounded growth in the control stack and so destroy
tail recursion.

Additional complications arise when first-class functions cross the boundaries be-
tween typing disciplines. In general, it is not possible to check if an untyped function
satisfies a particular static type. A natural solution is to wrap the function in a proxy
that, whenever it is applied, casts its argument and result values appropriately, en-
suring that the function is only observed with its expected type. This proxy-based
approach was formalized by Findler and Felleisen [2002] and widely used in subsequent
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 1. Publication date: January 2017.

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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1:6 Anon.

S e_ S Consistent Subtype Join
e_ : GType ⇥ GType* GType

S1 e_ S2 = S2 e_ S1

? e_ ? = ?

Int e_ Int = Int

Int e_ ? = Int

Bool e_ Bool = Bool

Bool e_ ? = Bool

(S11 ! S12) e_ (S21 ! S22) =
(S11 e^ S21) ! (S12 e_ S22)

(S11 ! S12) e_ ? = (S11 ! S12) e_ (? ! ?)
[li : Si1, ⇤] e_ ? = [li : Si1, ⇤] e_ [?]
[li : Si1, lj : Sj ] e_ [li : Si2, lk : Sk ] =

[li : Si1 e_ Si2]

[li : Si1, ⇤] e_ [li : Si2, lk : Sk , ?] = [li : Si1 e_ Si2, ⇤]

[li : Si1, lj : Sj
+
, ⇤] e_ [li : Si2, lk : Sk , ?] =

[li : Si1 e_ Si2, ?]

S e_ S unde�ned otherwise

S e^ S Consistent Subtype Meet
e^ : GType ⇥ GType* GType

S1 e^ S2 = S2 e^ S1

? e^ ? = ?

Int e^ Int = Int

Int e^ ? = Int

Bool e^ Bool = Bool

Bool e^ ? = Bool

(S11 ! S12) e^ (S21 ! S22) =
(S11 e_ S21) ! (S12 e^ S22)

(S11 ! S12) e^ ? = (S11 ! S12) e^ (? ! ?)
[li : Si1, ⇤] e^ ? = [li : Si1, ⇤] e^ [?]
[li : Si1, lj : Sj ] e^ [li : Si2, lk : Sk ] =

[li : Si1 e^ Si2, lj : Sj , lk : Sk ]
[li : Si1, lj : Sj , ?] e^ [li : Si2, lk : Sk ] =

[li : Si1 e^ Si2, lj : Sj , lk : Sk e^ ?, ?]
[li : Si1, lj : Sj , ?] e^ [li : Si2, lk : Sk , ?] =

[li : Si1 e^ Si2, lj : Sj e^ ?, lk : Sk e^ ?, ?]
S e^ S unde�ned otherwise

Fig. 2. GTFL. : Consistent Subtype Extrema

consistent supertype and consistent subtype of each gradual type S , because it could represent any
static type whatsoever, including S itself. As above, we formalize this as a correctness criterion.

Proposition 2.2. S1 . S2 if and only if T1 <: T2 for some T1 v S1 and T2 v S2.

We can recover the STFL<: type system from GTFL. by simply restricting source programs to
only mention static types T . Doing so restricts the gdom, gcod, and gproj partial functions to simple
arrow type and record type destructors; restricts the consistent subtyping relation . to a typical
de�nition of static subtyping <:; and restricts the e_ partial function to the subtype join partial
function <:, which yields the least upper bound of two static types (if there is one) according to static
subtyping <:. These restrictions can be con�rmed by considering the above correctness criteria
and recalling that static types are the least imprecise gradual types according to v.

2.1.1 An Example. The following (somewhat contrived) example program demonstrates some
of the features and intended capabilities of GTFL. , especially the semantics of gradual rows. For
succinctness, we assume let binding, which can be added to the language natively or elaborated in
the typical way [Pierce 2002, §11.5].

let sum (hasM : Bool) (x : [f : Int, ?]) =
if hasM then x.f + x.m else x.f + x.q

in (sum true [f = 6,m = 2]) + (sum false [f = 6, q = 2])

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 1. Publication date: January 2017.
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1:6 Anon.

S e_ S Consistent Subtype Join
e_ : GType ⇥ GType* GType

S1 e_ S2 = S2 e_ S1

? e_ ? = ?

Int e_ Int = Int

Int e_ ? = Int

Bool e_ Bool = Bool

Bool e_ ? = Bool

(S11 ! S12) e_ (S21 ! S22) =
(S11 e^ S21) ! (S12 e_ S22)

(S11 ! S12) e_ ? = (S11 ! S12) e_ (? ! ?)
[li : Si1, ⇤] e_ ? = [li : Si1, ⇤] e_ [?]
[li : Si1, lj : Sj ] e_ [li : Si2, lk : Sk ] =

[li : Si1 e_ Si2]

[li : Si1, ⇤] e_ [li : Si2, lk : Sk , ?] = [li : Si1 e_ Si2, ⇤]

[li : Si1, lj : Sj
+
, ⇤] e_ [li : Si2, lk : Sk , ?] =

[li : Si1 e_ Si2, ?]

S e_ S unde�ned otherwise

S e^ S Consistent Subtype Meet
e^ : GType ⇥ GType* GType

S1 e^ S2 = S2 e^ S1

? e^ ? = ?

Int e^ Int = Int

Int e^ ? = Int

Bool e^ Bool = Bool

Bool e^ ? = Bool

(S11 ! S12) e^ (S21 ! S22) =
(S11 e_ S21) ! (S12 e^ S22)

(S11 ! S12) e^ ? = (S11 ! S12) e^ (? ! ?)
[li : Si1, ⇤] e^ ? = [li : Si1, ⇤] e^ [?]
[li : Si1, lj : Sj ] e^ [li : Si2, lk : Sk ] =

[li : Si1 e^ Si2, lj : Sj , lk : Sk ]
[li : Si1, lj : Sj , ?] e^ [li : Si2, lk : Sk ] =

[li : Si1 e^ Si2, lj : Sj , lk : Sk e^ ?, ?]
[li : Si1, lj : Sj , ?] e^ [li : Si2, lk : Sk , ?] =

[li : Si1 e^ Si2, lj : Sj e^ ?, lk : Sk e^ ?, ?]
S e^ S unde�ned otherwise

Fig. 2. GTFL. : Consistent Subtype Extrema

consistent supertype and consistent subtype of each gradual type S , because it could represent any
static type whatsoever, including S itself. As above, we formalize this as a correctness criterion.

Proposition 2.2. S1 . S2 if and only if T1 <: T2 for some T1 v S1 and T2 v S2.

We can recover the STFL<: type system from GTFL. by simply restricting source programs to
only mention static types T . Doing so restricts the gdom, gcod, and gproj partial functions to simple
arrow type and record type destructors; restricts the consistent subtyping relation . to a typical
de�nition of static subtyping <:; and restricts the e_ partial function to the subtype join partial
function <:, which yields the least upper bound of two static types (if there is one) according to static
subtyping <:. These restrictions can be con�rmed by considering the above correctness criteria
and recalling that static types are the least imprecise gradual types according to v.

2.1.1 An Example. The following (somewhat contrived) example program demonstrates some
of the features and intended capabilities of GTFL. , especially the semantics of gradual rows. For
succinctness, we assume let binding, which can be added to the language natively or elaborated in
the typical way [Pierce 2002, §11.5].

let sum (hasM : Bool) (x : [f : Int, ?]) =
if hasM then x.f + x.m else x.f + x.q

in (sum true [f = 6,m = 2]) + (sum false [f = 6, q = 2])
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1:6 Anon.

S e_ S Consistent Subtype Join
e_ : GType ⇥ GType* GType

S1 e_ S2 = S2 e_ S1

? e_ ? = ?

Int e_ Int = Int

Int e_ ? = Int

Bool e_ Bool = Bool

Bool e_ ? = Bool

(S11 ! S12) e_ (S21 ! S22) =
(S11 e^ S21) ! (S12 e_ S22)

(S11 ! S12) e_ ? = (S11 ! S12) e_ (? ! ?)
[li : Si1, ⇤] e_ ? = [li : Si1, ⇤] e_ [?]
[li : Si1, lj : Sj ] e_ [li : Si2, lk : Sk ] =

[li : Si1 e_ Si2]

[li : Si1, ⇤] e_ [li : Si2, lk : Sk , ?] = [li : Si1 e_ Si2, ⇤]

[li : Si1, lj : Sj
+
, ⇤] e_ [li : Si2, lk : Sk , ?] =

[li : Si1 e_ Si2, ?]

S e_ S unde�ned otherwise

S e^ S Consistent Subtype Meet
e^ : GType ⇥ GType* GType

S1 e^ S2 = S2 e^ S1

? e^ ? = ?

Int e^ Int = Int

Int e^ ? = Int

Bool e^ Bool = Bool

Bool e^ ? = Bool

(S11 ! S12) e^ (S21 ! S22) =
(S11 e_ S21) ! (S12 e^ S22)

(S11 ! S12) e^ ? = (S11 ! S12) e^ (? ! ?)
[li : Si1, ⇤] e^ ? = [li : Si1, ⇤] e^ [?]
[li : Si1, lj : Sj ] e^ [li : Si2, lk : Sk ] =

[li : Si1 e^ Si2, lj : Sj , lk : Sk ]
[li : Si1, lj : Sj , ?] e^ [li : Si2, lk : Sk ] =

[li : Si1 e^ Si2, lj : Sj , lk : Sk e^ ?, ?]
[li : Si1, lj : Sj , ?] e^ [li : Si2, lk : Sk , ?] =

[li : Si1 e^ Si2, lj : Sj e^ ?, lk : Sk e^ ?, ?]
S e^ S unde�ned otherwise

Fig. 2. GTFL. : Consistent Subtype Extrema

consistent supertype and consistent subtype of each gradual type S , because it could represent any
static type whatsoever, including S itself. As above, we formalize this as a correctness criterion.

Proposition 2.2. S1 . S2 if and only if T1 <: T2 for some T1 v S1 and T2 v S2.

We can recover the STFL<: type system from GTFL. by simply restricting source programs to
only mention static types T . Doing so restricts the gdom, gcod, and gproj partial functions to simple
arrow type and record type destructors; restricts the consistent subtyping relation . to a typical
de�nition of static subtyping <:; and restricts the e_ partial function to the subtype join partial
function <:, which yields the least upper bound of two static types (if there is one) according to static
subtyping <:. These restrictions can be con�rmed by considering the above correctness criteria
and recalling that static types are the least imprecise gradual types according to v.

2.1.1 An Example. The following (somewhat contrived) example program demonstrates some
of the features and intended capabilities of GTFL. , especially the semantics of gradual rows. For
succinctness, we assume let binding, which can be added to the language natively or elaborated in
the typical way [Pierce 2002, §11.5].

let sum (hasM : Bool) (x : [f : Int, ?]) =
if hasM then x.f + x.m else x.f + x.q

in (sum true [f = 6,m = 2]) + (sum false [f = 6, q = 2])

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 1. Publication date: January 2017.
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1:6 Anon.

S e_ S Consistent Subtype Join
e_ : GType ⇥ GType* GType

S1 e_ S2 = S2 e_ S1

? e_ ? = ?

Int e_ Int = Int

Int e_ ? = Int

Bool e_ Bool = Bool

Bool e_ ? = Bool

(S11 ! S12) e_ (S21 ! S22) =
(S11 e^ S21) ! (S12 e_ S22)

(S11 ! S12) e_ ? = (S11 ! S12) e_ (? ! ?)
[li : Si1, ⇤] e_ ? = [li : Si1, ⇤] e_ [?]
[li : Si1, lj : Sj ] e_ [li : Si2, lk : Sk ] =

[li : Si1 e_ Si2]

[li : Si1, ⇤] e_ [li : Si2, lk : Sk , ?] = [li : Si1 e_ Si2, ⇤]

[li : Si1, lj : Sj
+
, ⇤] e_ [li : Si2, lk : Sk , ?] =

[li : Si1 e_ Si2, ?]

S e_ S unde�ned otherwise

S e^ S Consistent Subtype Meet
e^ : GType ⇥ GType* GType

S1 e^ S2 = S2 e^ S1

? e^ ? = ?

Int e^ Int = Int

Int e^ ? = Int

Bool e^ Bool = Bool

Bool e^ ? = Bool

(S11 ! S12) e^ (S21 ! S22) =
(S11 e_ S21) ! (S12 e^ S22)

(S11 ! S12) e^ ? = (S11 ! S12) e^ (? ! ?)
[li : Si1, ⇤] e^ ? = [li : Si1, ⇤] e^ [?]
[li : Si1, lj : Sj ] e^ [li : Si2, lk : Sk ] =

[li : Si1 e^ Si2, lj : Sj , lk : Sk ]
[li : Si1, lj : Sj , ?] e^ [li : Si2, lk : Sk ] =

[li : Si1 e^ Si2, lj : Sj , lk : Sk e^ ?, ?]
[li : Si1, lj : Sj , ?] e^ [li : Si2, lk : Sk , ?] =

[li : Si1 e^ Si2, lj : Sj e^ ?, lk : Sk e^ ?, ?]
S e^ S unde�ned otherwise

Fig. 2. GTFL. : Consistent Subtype Extrema

consistent supertype and consistent subtype of each gradual type S , because it could represent any
static type whatsoever, including S itself. As above, we formalize this as a correctness criterion.

Proposition 2.2. S1 . S2 if and only if T1 <: T2 for some T1 v S1 and T2 v S2.

We can recover the STFL<: type system from GTFL. by simply restricting source programs to
only mention static types T . Doing so restricts the gdom, gcod, and gproj partial functions to simple
arrow type and record type destructors; restricts the consistent subtyping relation . to a typical
de�nition of static subtyping <:; and restricts the e_ partial function to the subtype join partial
function <:, which yields the least upper bound of two static types (if there is one) according to static
subtyping <:. These restrictions can be con�rmed by considering the above correctness criteria
and recalling that static types are the least imprecise gradual types according to v.

2.1.1 An Example. The following (somewhat contrived) example program demonstrates some
of the features and intended capabilities of GTFL. , especially the semantics of gradual rows. For
succinctness, we assume let binding, which can be added to the language natively or elaborated in
the typical way [Pierce 2002, §11.5].

let sum (hasM : Bool) (x : [f : Int, ?]) =
if hasM then x.f + x.m else x.f + x.q

in (sum true [f = 6,m = 2]) + (sum false [f = 6, q = 2])

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 1. Publication date: January 2017.



EXAMPLE 2

let x : [a : Int, b : Bool] = [a = 5, b = false] in
let y : [a : Int, ?] = x in

let z : [a : Int, b : Bool] = y in

z.b
<latexit sha1_base64="SyiIsMZpH8F0TzwU8WrvqK/7QjA="></latexit>



EXAMPLE 2

runtime 
“type check”

let x : [a : Int, b : Bool] = [a = 5, b = false] in
let y : [a : Int, ?] = x in

let z : [a : Int, b : Bool] = y in

z.b
<latexit sha1_base64="SyiIsMZpH8F0TzwU8WrvqK/7QjA="></latexit>



EXAMPLE 2

runtime 
“type check”

Runs Successfully
Type Checks

let x : [a : Int, b : Bool] = [a = 5, b = false] in
let y : [a : Int, ?] = x in

let z : [a : Int, b : Bool] = y in

z.b
<latexit sha1_base64="SyiIsMZpH8F0TzwU8WrvqK/7QjA="></latexit>



EXAMPLE 2

runtime 
“type check”

Runs Successfully
Type Checks

let x : [a : Int, b : Bool] = [a = 5, b = false] in
let y : [a : Int, ?] = x in

let z : [a : Int, b : Bool] = y in

z.b
<latexit sha1_base64="SyiIsMZpH8F0TzwU8WrvqK/7QjA="></latexit>



EXAMPLE 3

runtime 
“type check”

[a : Int, b : Bool] <: [a : Int]
<latexit sha1_base64="gMPfXWlkE6/WCQYXm/U4CxEP63E="></latexit>

let x : [a : Int] = [a = 5, b = false] in
let y : [a : Int, ?] = x in

let z : [a : Int, b : Bool] = y in

z.b
<latexit sha1_base64="Fw+Ae8PuvQ1HA7nsrgA7DDCLnQg="></latexit>



EXAMPLE 3

runtime 
“type check”

Runtime Error!
Type Checks

[a : Int, b : Bool] <: [a : Int]
<latexit sha1_base64="gMPfXWlkE6/WCQYXm/U4CxEP63E="></latexit>

let x : [a : Int] = [a = 5, b = false] in
let y : [a : Int, ?] = x in

let z : [a : Int, b : Bool] = y in

z.b
<latexit sha1_base64="Fw+Ae8PuvQ1HA7nsrgA7DDCLnQg="></latexit>
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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records with 
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“unknown 
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row”
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 1. Publication date: January 2017.



PRECISION

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

192

193

194

195

196

1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational
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1:4 Anon.

Syntax

x 2 Var, b 2 Bool, n 2 Z, l 2 Label, � 2 Env = Var
�n
* Type

T 2 Type ::= Int | Bool | T ! T | [l : T ] (static types)
S 2 GType ::= ? | Int | Bool | S ! S | [l : S] | [l : S, ?] (gradual types)
t 2 Term ::= n | b | x | �x : S .t | t t | t + t | if t then t else t | [l = t] | t .l | t :: S (terms)

� ` t : S Gradual Typing

(Sx) x : S 2 �
� ` x : S

(Sn)
� ` n : Int

(Sb)
� ` b : Bool

(Sapp)
� ` ti : Si S2 . gdom(S1)

� ` t1 t2 : gcod(S1)

(S+)
� ` ti : Si Si . Int

� ` t1 + t2 : Int
(S if)

� ` ti : Si S1 . Bool

� ` if t1 then t2 else t3 : S2 e_ S3
(Sproj) � ` t : S

� ` t .l : gproj(S, l)

(S�)
�,x : S1 ` t : S2

� ` (�x : S1.t) : S1 ! S2
(S::)

� ` t : S S . S1
� ` (t :: S1) : S1

(Srec)
� ` ti : Si

� ` [li = ti ] : [li : Si ]
Helper Functions

gdom : GType* GType
gdom(S1 ! S2) = S1
gdom(?) = ?
gdom(S) unde�ned otherwise

gcod : GType* GType
gcod(S1 ! S2) = S2
gcod(?) = ?
gcod(S) unde�ned otherwise

gproj : GType ⇥ Label* GType
gproj([l : S, li : Si , ⇤], l) = S
gproj([li : Si , ?], l) = ? if l < { li }
gproj(?, l) = ?

gproj(S, l) unde�ned otherwise

S . S Consistent Subtyping

? . S S . ? Int . Int Bool . Bool
S21 . S11 S12 . S22
S11 ! S12 . S21 ! S22

Si1 . Si2

[li : Si1, lj : Sj ] . [li : Si2, ⇤]
Si1 . Si2

[li : Si1, lj : Sj , ?] . [li : Si2, lk : Sk , ⇤]

S v S Precision

S v ?
S 2 { Int,Bool }

S v S

S11 v S21 S12 v S22
S11 ! S12 v S21 ! S22

S1i v S2i

[li : S1i ] v [li : S2i ]

S1i v S2i

[li : S1i , lj : S1j , ⇤] v [li : S2i , ?]

Fig. 1. GTFL. : Static Semantics

2 GTFL.: A GRADUALLY TYPED LANGUAGE
As a concrete starting point for our improvements, this section presents the semantics of GTFL. ,
a gradually-typed language with records and subtyping that also supports migration between
dynamic and static type checking. Garcia et al. [2016] developed this language using the AGT
methodology, so its semantics exhibits the shortcomings that this paper addresses.
We present GTFL. with little reference to the AGT machinery used to construct and justify it.

Furthermore, we state correctness properties here without proof, because AGT exploits calculational

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 1. Publication date: January 2017.

“*” 
stands for 
“?” or “”

? row adds 
imprecision about 

fields

. . .
<latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit><latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit><latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit><latexit sha1_base64="ao8Tre9cMpTzv//wHNi7bhkwi1A="></latexit>

[?]
<latexit sha1_base64="I2Oq/tyJv54AhlgnJVpjnR6jD6M="></latexit>

?
<latexit sha1_base64="0CS8NPYMCMmKKMpRuZIc1oPcFDM="></latexit>

[a : Int, ?]
<latexit sha1_base64="Du0QEF8e84eZxTcm+YGQFNxVnwc="></latexit>

[a : Int, b : Bool, ?]
<latexit sha1_base64="wZfJBUy7KIFGrYM6/YPTfxsv8L0="></latexit>

[a : Int, b : Bool]
<latexit sha1_base64="TFFG5BSl6am1TY2jyeflWD8tOC0="></latexit>

[a : Int]
<latexit sha1_base64="kaIfFdqGN8r1itgdCTD36nVV+qI="></latexit>
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v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>

if and only if

For some T1 and T2

Consistent
 Subtyping

Static
 SubtypingT1 <: T2

<latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit>

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



EXAMPLES

[a : Int, b : Bool] . [a : Int]
<latexit sha1_base64="S/575m+mkYC61qs/UV5pby9xaKI="></latexit> v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>

T1 <: T2
<latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit>

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



EXAMPLES

[a : Int] 6. [a : Int, b : Bool]
<latexit sha1_base64="6wQwRPemHDGt89lJtRHWDY4Q5YU="></latexit>

[a : Int, b : Bool] . [a : Int]
<latexit sha1_base64="S/575m+mkYC61qs/UV5pby9xaKI="></latexit> v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>

T1 <: T2
<latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit>

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



EXAMPLES

[a : Int] 6. [a : Int, b : Bool]
<latexit sha1_base64="6wQwRPemHDGt89lJtRHWDY4Q5YU="></latexit>

[a : Int, b : Bool] . [a : Int]
<latexit sha1_base64="S/575m+mkYC61qs/UV5pby9xaKI="></latexit>

[a : Int, ?] . [a : Int, b : Bool]
<latexit sha1_base64="3TiHBrGi6RXwMzmLlj7Hj0OnrXg="></latexit>

v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>

T1 <: T2
<latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit>

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



EXAMPLES

[a : Int] 6. [a : Int, b : Bool]
<latexit sha1_base64="6wQwRPemHDGt89lJtRHWDY4Q5YU="></latexit>

[a : Int, b : Bool] . [a : Int]
<latexit sha1_base64="S/575m+mkYC61qs/UV5pby9xaKI="></latexit>

[a : Int, ?] . [a : Int, b : Bool]
<latexit sha1_base64="3TiHBrGi6RXwMzmLlj7Hj0OnrXg="></latexit>

[a : Int, b : Bool] . [a : Int, ?]
<latexit sha1_base64="GXceAyuvQTWM5juw5m9SsrBaTx0="></latexit>

v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>

T1 <: T2
<latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit>

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



EXAMPLES

[a : Int] 6. [a : Int, b : Bool]
<latexit sha1_base64="6wQwRPemHDGt89lJtRHWDY4Q5YU="></latexit>

[a : Int, b : Bool] . [a : Int]
<latexit sha1_base64="S/575m+mkYC61qs/UV5pby9xaKI="></latexit>

[a : Int, ?] . [a : Int, b : Bool]
<latexit sha1_base64="3TiHBrGi6RXwMzmLlj7Hj0OnrXg="></latexit>

[a : Int, b : Bool] . [a : Int, ?]
<latexit sha1_base64="GXceAyuvQTWM5juw5m9SsrBaTx0="></latexit>

[a : Int] 6. [a : Int, b : Bool, ?]
<latexit sha1_base64="OLVrk4QN5/GMbflaqgdcOmFN2iY="></latexit>

v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>

T1 <: T2
<latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit>

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



EXAMPLES

[a : Int] 6. [a : Int, b : Bool]
<latexit sha1_base64="6wQwRPemHDGt89lJtRHWDY4Q5YU="></latexit>

[a : Int, b : Bool] . [a : Int]
<latexit sha1_base64="S/575m+mkYC61qs/UV5pby9xaKI="></latexit>

[a : Int, ?] . [a : Int, b : Bool]
<latexit sha1_base64="3TiHBrGi6RXwMzmLlj7Hj0OnrXg="></latexit>

[a : Int, b : Bool] . [a : Int, ?]
<latexit sha1_base64="GXceAyuvQTWM5juw5m9SsrBaTx0="></latexit>

[a : Int, b : Bool, ?] . [a : Int, ?]
<latexit sha1_base64="wDCOdHMO0PzgYi1QFFfmh5Ov0rs="></latexit>

[a : Int] 6. [a : Int, b : Bool, ?]
<latexit sha1_base64="OLVrk4QN5/GMbflaqgdcOmFN2iY="></latexit>

v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>v <latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit><latexit sha1_base64="HeeFDjG9uK2F47BiL7+nEabgKSA="></latexit>

T1 <: T2
<latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit><latexit sha1_base64="jgd75rlTFcaYOy8BrEmAHmYMYVg="></latexit>

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



RUNTIME TYPE ENFORCEMENT
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e.g.,

Concretization Function

� : GType ! P+(Type)
<latexit sha1_base64="uQ7HYbVhzOWz8ehtwm6gaKAq4Sc="></latexit><latexit sha1_base64="uQ7HYbVhzOWz8ehtwm6gaKAq4Sc="></latexit><latexit sha1_base64="uQ7HYbVhzOWz8ehtwm6gaKAq4Sc="></latexit><latexit sha1_base64="uQ7HYbVhzOWz8ehtwm6gaKAq4Sc="></latexit>

�(S) = {T 2 T��� | T v S }
<latexit sha1_base64="p5dqe511ZZ2Hmdfgedi0/ZLy8KI="></latexit>

S1 v S2 () �(S1) ✓ �(S2)
<latexit sha1_base64="FYTr/RHQovWk48jTEpbodMq+PtU="></latexit>

�(T ) = {T }
<latexit sha1_base64="LgcRehB+FAdrN1MqambXdIud+DE="></latexit>

Some critical properties:
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e.g.,

Abstraction Function

↵ : P+(T���) ! GT���
<latexit sha1_base64="rXJs62f4TioxfxbiX62+3ds//Go="></latexit>

↵(C) = u {S 2 GT��� | C ✓ �(S) }
<latexit sha1_base64="D7JNI3JsVDlrxVvuxb7kSbtYDys="></latexit>

↵(�(S)) = S
<latexit sha1_base64="TqWlmaAm3tB0n1rED8K66BSBPgc="></latexit>

↵({T }) = T
<latexit sha1_base64="UpG8BU4mas65sW7gj52OrWXeS/k="></latexit>

(even better:                     )
Some useful properties:

C1 ✓ C2 =) ↵(C1) v ↵(C2)
<latexit sha1_base64="ZdvWPx+6BmQQTI0vgZSG5P78tnI="></latexit>



"12 ` U1 . U2
<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>

EVIDENCE (I.E., “CASTS”)

27

runtime
evidence

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



"12 ` U1 . U2
<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>

EVIDENCE (I.E., “CASTS”)

x
x

x
x

x

x x

x
x

� �

27

runtime
evidence

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



"12 ` U1 . U2
<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>

EVIDENCE (I.E., “CASTS”)

x
x

x
x

x

x x

x
x

� �

27

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

runtime
evidence

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



"12 ` U1 . U2
<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>

EVIDENCE (I.E., “CASTS”)

x
x

x
x

x

x x

x
x

� �

27

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

runtime
evidence

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



"12 ` U1 . U2
<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>

EVIDENCE (I.E., “CASTS”)

x
x

x
x

x

x x

x
x

� �

27

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

<:
<latexit sha1_base64="roDP09RG6nglpQr+mLB4EbI7uOs="></latexit>

runtime
evidence

S1 . S2
<latexit sha1_base64="neYB/E3H8tU2L10a3FYQ2OUBtAU="></latexit>



"12 ` U1 . U2
<latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit><latexit sha1_base64="tEkoU25xOX1G3CUGYW6fy1Cjc6c="></latexit>
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literature [Flanagan, 2006, Gronski et al., 2006, Matthews and Findler, 2007, Siek and
Taha, 2006], but it has serious consequences for space e�ciency.

As a simple example, consider the following program in continuation-passing style,
where both mutually recursive functions take a continuation argument k, but only one
of these arguments is annotated with a precise type:

evenk : Int! Bool

def
= �n :Int. �k : (Dyn! Dyn).

if (n = 0) then (k true) else oddk (n� 1) k

oddk : Int! Bool

def
= �n :Int. �k : (Bool! Bool).

if (n = 0) then (k false) else evenk (n� 1) k

During compilation, the type checker inserts a dynamic type cast on the continuation
argument k, yielding the compiled code:

evenkc : Int! Bool

def
= �n :Int. �k : (Dyn! Dyn).

if (n = 0)
then hBooli (k (hDyni true))
else oddkc (n� 1) (hBool! Booli k)

oddkc : Int! Bool

def
= �n :Int. �k : (Bool! Bool).

if (n = 0)
then (k false)
else evenkc (n� 1) (hDyn! Dyni k)

Applying these functions to a su�ciently large n reveals the impact on space con-
sumption of performing repeated function casts to k:

evenkc n (hDyn! Dyni (�x :Bool. x))
�!⇤ evenkc n (�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1)))
�!⇤ oddkc (n� 1) (hBool! Booli (�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))))
�!⇤ oddkc (n� 1) (�z2 :Bool. hBooli

(�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))
(hDyni z2))

�!⇤ evenkc (n� 2) (hDyn! Dyni
�z2 :Bool. hBooli

(�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))
(hDyni z2)))

�!⇤ evenkc (n� 2) (�z3 :Dyn. hDyni
(�z2 :Bool. hBooli

(�z1 :Dyn. hDyni ((�x :Bool. x) (hBooli z1))
(hDyni z2))

(hBooli z3)))
�!⇤ . . .

The recursive calls to oddkc and evenkc quietly cast the continuation argument k with
higher-order casts hBool ! Booli and hDyn ! Dyni, respectively. This means that the
function argument k is wrapped in an additional function proxy at each recursive call!
Despite the fact that the function argument is only used at a total of two di↵erent types,

Herman et al. Space-Efficient Gradual Typing

Wrap on 
each call!
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1.1 The Cost of Gradual Typing

The interaction between typed and untyped code imposes certain requirements on
the design of the runtime semantics of gradually-typed languages. Gradually-typed
languages support both statically-typed and dynamically-typed code, and include run-
time checks (or type casts) at the boundaries between these two typing disciplines, to
guarantee that dynamically-typed code cannot violate the invariants of statically-typed
code.

To illustrate this idea, consider the following code fragment, which passes a dynamically-
typed variable x into a variable y of type Int:

let x : Dyn = true in

let y : Int = x in

. . .

During compilation, the type checker inserts a dynamic type cast hInti to enforce the
type invariant on y, yielding the “compiled” code:

let x : Dyn = true in

let y : Int = hInti x in

. . .

At runtime, this hInti cast detects the attempted type violation, since x contains true:

let x : Dyn = true in let y : Int = hInti x in . . .

�! let y : Int = hInti true in . . .

�! Error : “failed cast”

Unfortunately, even these simple, first-order type checks can impose unexpected
costs, as in the following example, where a programmer has added some type annota-
tions to a previously untyped program:

even : Dyn! Dyn

def
= �n :Dyn. if (n = 0) then true else odd (n� 1)

odd : Int! Bool

def
= �n :Int. if (n = 0) then false else even (n� 1)

This program seems innocuous, but su↵ers from a subtle space leak. Since even is
dynamically typed, the result of each call to even must be implicitly cast to Bool.
That is, after the type checker inserts the necessary casts, the compiled version oddc

of odd is:

oddc : Int! Bool

def
= �n :Int. if (n = 0) then false else hBooli (even (hDyni (n�1)))

These implicit casts result in unbounded growth in the control stack and so destroy
tail recursion.

Additional complications arise when first-class functions cross the boundaries be-
tween typing disciplines. In general, it is not possible to check if an untyped function
satisfies a particular static type. A natural solution is to wrap the function in a proxy
that, whenever it is applied, casts its argument and result values appropriately, en-
suring that the function is only observed with its expected type. This proxy-based
approach was formalized by Findler and Felleisen [2002] and widely used in subsequent
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DON’T BE (TOO) EAGER!

Space-Inefficient
 computation

hBooli # (hBooli # hBooli)
<latexit sha1_base64="gScLyWgfbKb6CFAJN5cc0CVIl4k="></latexit>

“right-to-left” composition

odd 6 !⇤

hBooli hBooli odd 2 !⇤

hBooli hBooli hBooli odd 0 !⇤

hBooli hBooli hBooli false !⇤

false

<latexit sha1_base64="/041HB7MOMkMdDl9p1Gy6+LCZk8="></latexit>



DON’T BE (TOO) EAGER!

Space-efficient
 computation

“left-to-right” composition(hBooli # hBooli) # hBooli
<latexit sha1_base64="Xnv9qCxWeyaXFjJfnoL2Ocz9xWU="></latexit>

odd 4 !⇤

hBooli hBooli odd 2 !
hBooli odd 2 !⇤

hBooli hBooli odd 0 !
hBooli odd 0 !⇤

hBooli false !
false

<latexit sha1_base64="cJwq/TC8r3AlFyhtaj/qvcmMM+k="></latexit>



ASSOCIATIVITY!

hBooli # (hBooli # hBooli) = (hBooli # hBooli) # hBooli
<latexit sha1_base64="j7C1LwpM1c8HgrudCgNZbpjRZIo="></latexit>

Herman et al. works because:



ASSOCIATIVITY!

AGT can be space-efficient if:

"1 # ("2 # "3) = ("1 # "2) # "3
<latexit sha1_base64="LV/UjveECz1NnpAKTMDSQG93ecA="></latexit>



TRAGEDY!

"1 = h[x : Int, ?], [x : Int]i
"2 = h[?], [?]i
"3 = h[y : Bool], [y : Bool]i

<latexit sha1_base64="LiVsOsFTiqJwRoKQPAxIVm/3nlQ="></latexit>

("1 # "2) # "3 =

h[x : Int, ?], [?]i # "3 =

h[x : Int, y : Bool, ?], [y : Bool]i
<latexit sha1_base64="OAGTxGOzPU+GCZmYzgstHfLysHA="></latexit>

"1 # ("2 # "3) '
"1 # h[y : Bool, ?], [y : Bool]i
unde�ned!

<latexit sha1_base64="tCvnxhiltutHSTSnnAEB1moSNZ4="></latexit>



POST-NON-MORTEM

"1 = h[x : Int, ?], [x : Int]i
"2 = h[?], [?]i
"3 = h[y : Bool], [y : Bool]i

<latexit sha1_base64="LiVsOsFTiqJwRoKQPAxIVm/3nlQ="></latexit>

("1 # "2) # "3 =

h[x : Int, ?], [?]i # "3 =

h[x : Int, y : Bool, ?], [y : Bool]i
<latexit sha1_base64="OAGTxGOzPU+GCZmYzgstHfLysHA="></latexit>



POST-NON-MORTEM

"1 = h[x : Int, ?], [x : Int]i
"2 = h[?], [?]i
"3 = h[y : Bool], [y : Bool]i

<latexit sha1_base64="LiVsOsFTiqJwRoKQPAxIVm/3nlQ="></latexit>

("1 # "2) # "3 =

h[x : Int, ?], [?]i # "3 =

h[x : Int, y : Bool, ?], [y : Bool]i
<latexit sha1_base64="OAGTxGOzPU+GCZmYzgstHfLysHA="></latexit>

↵({ [x : Int], [ ] }) = [?]
<latexit sha1_base64="Y+NlBZ3G4LBPQruSvYiSCG6GrV8="></latexit>
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Example F.1 (Associativity breaks in Gradual Rows). Let �1 = h[f : Int], [f : Int]i,
�2 = h[f : Int], [?]i and �3 = h[f : Int,� : Int], [f : Int,� : Int]i. These evidences are all self-interior
(they are valid). Then

(�1 # �2) # �3 , �1 # (�2 # �3)

Proof. �1 # �2 = h[f : Int ?], [?]i (see footnote8), and [?] u [f : Int,� : Int] = [f : Int,� : Int], and
�<: ([f : Int ?], [f : Int,� : Int], [f : Int,� : Int]) = h[f : Int,� : Int ?], [f : Int,� : Int]i.
However, if we start on the right �rst, �2 # �3 = h[f : Int,� : Int ?], f : Int,� : Inti . To calculate �<:,
we must calculate �rst [f : Int] u [f : Int,� : Int ?] for the middle term, but this is either unde�ned
if AGT’s proposition 17 holds9, or at best if we remove proposition 17’s requirements one could
make an argument (through the subtyping ordering) to propose [f : Int] as its value, In which case
there’s no subtyping path such that on the right [f : Int] <: [f : Int,� : Int], and thus
�<: ([f : Int ?], [f : Int], [f : Int,� : Int]) = ?. FB IFrom a discussion with Ron, it is clear to me now
that we want to keep the requirement of Proposition 17, (not per se, but it is consistent with the definition we
want to have for meet and �)J ⇤

F.1 Defining our Bounded Rows/Records via Abstract Interpretation
We begin with our de�nition of static types and gradual types

T ::= Unit | T ! T | [` : T ]
A ::= R | O
S ::= Unit | S ! S | ? | [`A : S `O : ?] | [`A : S `O : ? ?]
E ::= ? | S

While we de�ne S to range over the domain GType, we also de�ne GType+ to be the domain for E,
therefore, GType+ = GType [ ?.
You will notice a set of optional ? labels in both records and rows. Their function is to propagate
inconsistent information on optional labels so that we can achieve associativity on composition.
You can consider them as a marker of labels that are not on the record and also can never appear in
subtypes of the record.
We then de�ne the following concretization function � : (GType+) ! P(Type):

8 Side-note / self reminder: It is surprising that we cannot be more precise on the right, but this is the very issue: even
if �1 were a simpler pair like h[f : Int], [f : Int]i, there are always two types in � ([?]) for which subtyping holds,
as I<:([f : Int], [?]) = � 2 ({ h[f : Int], [f : Int]i, h[f : Int], [ ]i }) and � ({ [f : Int], [ ] }) = [?]. This is the key point
making gradual rows insu�ciently precise, and motivating the introduction of bounded rows and records.
9If � (S1 uS2) = � (S1)\� (S1), then in general evidence composition as de�ned in Proposition 18 (equivalent to �(S11, S12 u
S21, S22) will deal very poorly with records’ width subtyping, as shown in this example, because � ([l : Int]) = { [l : Int] }
and for all T 2 � ([l : Int, � : Int ?]), T <: [l : Int, � : Int], which implies both � ’s constitute disjoint sets and thus their
intersection would always be empty, making the meet unde�ned or ?.

To make things worse, Proposition 17 would imply that evidence composition of records for which width subtyping
holds is unde�ned. As an example, for analogous reasons, h[l : Int], [l : Int]i # h[ ], [ ]i is unde�ned, even though intuitively
by width subtyping we should be able to reconstruct the composition of evidence as h[l : Int], [ ]i.
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Redesign our Evidence Pairs
(Surface Language Stays the Same)
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By design, concretization and abstraction are related by two properties that together characterize
a Galois connection [Cousot and Cousot 1977].

Proposition 3.2.
(1) Soundness: C ✓ � (�(C))
(2) Optimality: If C ✓ � (S) then � (�(C)) ✓ � (S).

These functions satisfy a stronger property, namely that �(� (S)) = S . This is called a Galois
Insertion.

Garcia et al. [2016] use concretization and abstraction to de�ne all of the gradual typing artifacts
used to de�ne GTFL. . For example, consider the codomain of a function type, rendered as a partial
function cod on static types:

cod : Type* Type
cod(T1 ! T2) = T2

cod(T ) unde�ned otherwise

We can idiomatically lift cod to a partial function cod+ on non-empty sets of types.

cod+ : P+(Type)* P+(Type)
cod+(C) = C0 if C0 , ;
cod+(C) unde�ned if C0 = ;

where C0 = {T 0 2 Type | T 2 C and cod(T ) = T 0 }

The cod+ function applies cod pointwise to a set of types, and produces the resulting set of codomains,
so long as there are some codomains: if not, then the function is unde�ned. Using this lifted function,
we can de�ne the gcod function as follows.

gcod(S) = �(cod+(� (S)).

Given the de�nitions ofgcod, � , and � , the correctness criteria of Prop. 2.1 follow nearly immediately.
From there, the recursive characterization of gcod from Fig. 1 can be calculated by induction on the
structure of S . Analogous constructions can be used to �rst de�ne and then calculate algorithmic
characterizations for all of the operations on gradual types from Sec. 2. The de�nitions directly imply
their own correctness criteria, and the corresponding algorithms require tedious but straightforward
calculations.

Evidence. The concept of evidence for consistent subtyping arises through an analogous process.
In particular, we introduce another Galois connection, but this one is between consistent subtyping,
treated as a set of pairs of gradual types hS1, S2i 2., and nonempty subsets of the static subtyping
relation, i.e. sets of pairs R ✓ <:.

We begin with concretization.

� <: : . ! P+(<:)
� <:(S1, S2) = { hT1,T2i | Ti 2 � (Si ) and T1 <: T2 } .

The corresponding notion of abstraction is de�ned as follows

�<: : P+(<:) ! .
�<:(R) = h�(�1(R)),�(�2(R))i .

Proc. ACM Program. Lang., Vol. 1, No. 1, Article 1. Publication date: January 2017.
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can safely use u without losing precision.g We use this property to
recast consistent transitivity:

Proposition 18. heT1, eT21i �P heT22, eT3i = 4P (eT1, eT21u e
T22, eT3)

where

4P (eT1, eT2, eT3) =

↵

2({hT1, T3i 2 �

2(eT1, eT3) |

9T2 2 �(eT2).P (T1, T2) ^ P (T2, T3)}).
This formulation of consistent transitivity is generally useful.

What is Evidence? As we have seen, the interior of a consistent
judgment yields initial evidence for the judgment, and consistent
transitivity evolves that evidence as program reduction requires
new judgments. Given these properties, we are now equipped to
completely define our notion of evidence for consistent judgments.

Definition 13 (Evidence for e
P ). Let P ✓ TYPE2 be a binary type

predicate. Then:

1. EVP = { heT1, eT2i 2 GTYPE2 | I
P

(eT1, eT2) = heT1, eT2i };
2. The evidence judgment · ` P (·, ·) ✓ EVP ⇥GTYPE2 is defined

as follows:

" ` e
P (eT1, eT2) () " v2 I

P

(eT1, eT2).

These notions generalize to finite n-ary predicates.

Evidence for a consistent judgment is represented as a tuple of
gradual types that characterize the space of possible static type re-
lations.h The tuple is self-interior with respect to the relevant judg-
ment to reflect the most precise information available. Naturally,
evidence for a judgment must be at least as precise as the judgment
itself, otherwise the judgment itself would be better evidence.

Evidence represents a bound on the plausibility of a consistent
judgment. This knowledge gains precision monotonically since
consistent deductions are based on prior evidence.

Consistent Subtyping Revisited As defined, consistent transitiv-
ity directly embodies the notion that we need for consistent subtyp-
ing, but that definition suggests no obvious procedure for comput-
ing it. We refine this definition to an algorithmic specification for
consistent subtyping. We could use the inductive definition of <: to
calculate a recursive definition for 4<: over the structure of eT2, but
we can also recast �<: in particular in terms of interiors and meets.

Proposition 19. Let heT1, eT21i , heT22, eT3i 2 EV<: be evidence for
consistent judgements, and let eT2 = e

T21 u e
T22. Then:

4<:(eT1, eT2, eT3) = h⇡1(I<:(eT1, eT2)),⇡2(I<:(eT2, eT3))i .

Corollary 20.
heT1, eT21i �<: heT22, eT3i = h⇡1(I<:(eT1, eT2)),⇡2(I<:(eT2, eT3))i .
where e

T2 = e
T21 u e

T22.

Similar reasoning yields the same result for consistent equality:

Proposition 21.

4=(eT1, eT1 u e
T2, eT2) = heT1 u e

T2, eT1 u e
T2i .

This result independently confirms the use of the meet operator
to combine middle types in the Threesome Calculus.

g In the terminology of abstract interpretation, u is forward-complete
(Giacobazzi and Quintarelli 2001) or �-complete (Schmidt 2008).
h Abstractions can lift to tuples other ways too (Cousot and Cousot 1994).

The interior is not always enough. In the general case, the 4P

operation is not just the projection of two interiors. A relevant coun-
terexample to this is consistent subtyping when gradual rows are
omitted from the language of gradual types. Consider the follow-
ing two evidence judgments:

h[f : Int, g : ?], ?i ` [f : Int, g : ?] . ?

h?, [g : Bool]i ` ? . [g : Bool].

Then I
<:([f : Int, g : ?], ? u ?) = h[f : Int, g : ?], ?i and

I
<:(? u ?, [g : Bool]) = h?, [g : Bool]i but

4<:([f : Int, g : ?], ? u ?, [g : Bool]) =

h[f : Int, g : Bool], [g : Bool]i .
The issue is that the two ?’s in the middle lose all type information,
so taking their meet does not provide the gradual types at each ex-
treme with the missing information from one another. With gradual
rows, though, the evidence judgments are:

h[f : Int, g : ?], [?]i ` [f : Int, g : ?] . ?

h[g : Bool, ?], [g : Bool]i ` ? . [g : Bool]

and

I
<:([f : Int, g : ?], [?] u [g : Bool, ?]) =

h[f : Int, g : Bool], [g : Bool, ?]i
I
<:([?] u [g : Bool, ?], [g : Bool]) =

h[g : Bool, ?], [g : Bool]i
So gradual rows introduce enough precision to simplify the cal-
culation of consistent transitivity. In practice, this just means that
we cannot reduce 4<: to I

<: if we do not want gradual rows. We
conjecture that many gradual type definitions will yield transitive
type predicates that admit the interior-meet based characterization
of consistent transitivity. Alternatively, this property can serve as a
design guideline for enriching gradual type abstractions.

6.5 Running Gradual Programs
Armed with a run-time representation for gradual type derivations
(intrinsic terms), initial evidence for consistent judgments (interi-
ors), and a means to evolve that evidence (consistent transitivity),
we can now present the full dynamic semantics of GTFL..

Fig. 5 presents the formation rules for gradual intrinsic terms.
Their structure mirrors the structure of the corresponding extrinsic
typing rules, which are straightforward to reconstruct rule-by-rule.
As mentioned earlier, the terms that correspond to elimination rules
qualify their subexpressions with evidence.

In essence, type-checking an extrinsic gradual term builds an in-
trinsic term (i.e. typing derivation) by introducing interior evidence
for each consistent judgment. This corresponds to the translation
from a gradual language to a cast calculus from prior approaches,
with evidence playing the role of casts, but here the “target lan-
guage” is derived directly from the source language type system.

To denote terms independently of their types, we define a set of
all intrinsic variables and a set of all intrinsic terms:

x

⇤ 2 VAR⇤ =
[

VAReT t

⇤ 2 TERM⇤ =
[

TERMeT
Just as term application requires a type index to ensure unicity of
typing, so do record-projection t

eT
.l

eT1 and ascription "t

eT1 :: eT2.
These type annotations play no computational role in the language:
they support the type safety proof, and in practice can be erased.

6.6 Reduction
Fig. 6 presents a structural operational semantics for intrinsic grad-
ual terms. To support this, several syntactic families are introduced.
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# : Ev ⇥ Ev * Ev Consistent Transitivity

h?, ?i # h?, ?i = h?, ?i
hS, Si # h?, ?i = hS, Si where S 2 { Int,Bool }
h?, ?i # hS, Si = hS, Si where S 2 { Int,Bool }

hS11 ! S12, S21 ! S22i # h?, ?i = hS11 ! S12, S21 ! S22i # h? ! ?, ? ! ?i
h?, ?i # hS11 ! S12, S21 ! S22i = h? ! ?, ? ! ?i # hS11 ! S12, S21 ! S22i
h?, ?i # h[li : Si , ⇤1], [lj : Sj , ⇤2]i = h[?], [?]i # h[li : Si , ⇤1], [lj : Sj , ⇤2]i
h[li : Si , ⇤1], [lj : Sj , ⇤2]i # h?, ?i = h[li : Si , ⇤1], [lj : Sj , ⇤2]i # h[?], [?]i

hS, Si # hS, Si = hS, Si where S 2 { Int,Bool }
hS11 ! S12, S21 ! S22i # hS31 ! S32, S41 ! S42i = hS51 ! S52, S61 ! S62i
where hS41, S31i # hS21, S11i = hS61, S51i, hS12, S22i # hS32, S42i = hS52, S62i

h[li : Si1, ⇤1], [li : Si2, ⇤2]i # h[li : Si3, ⇤3], [li : Si4, ⇤4]i = h[li : Si5, ⇤5], [li : Si6, ⇤6]i

where hSi1, Si2i # hSi3, Si4i = hSi5, Si6i,

h⇤1, ⇤2i h⇤3, ⇤4i = h⇤5, ⇤6i
h;, ;i h⇤3, ⇤4i h;, ;i
h?, ?i h?, ?i h?, ?i

else h?, ;i

h[li : Si1, lj : Sj1
+
, ⇤1], [li : Si2, lj : Sj2

+
, ⇤2]i # h[li : Si3, ?], [li : Si4, ⇤4]i =

h[li : Si1, lj : Sj1
+
, ⇤1], [li : Si2, lj : Sj2

+
, ⇤2]i # h[li : Si3, lj : ?

+
, ?], [li : Si4, ⇤4]i =

h[li : Si1, ?], [li : Si2, ?]i # h[li : Si3, lk : Sk3
+
, ⇤3], [li : Si4, lk : Sk4

+
, ⇤4]i =

h[li : Si1, lk : ?
+
, ?], [li : Si2, lk : ?

+
, ?]i # h[li : Si3, lk : Sk3

+
, ⇤3], [li : Si4, lk : Sk4

+]⇤4i

h[li : Si1, lj : Sj1
+
, ?], [li : Si2, lj : Sj2

+
, ?]i # h[li : Si3, lk : Sk3

+
, ?], [li : Si4, lk : Sk4

+
, ⇤4]i =

h[li : Si1, lj : Sj1
+
, lk : ?

+
, ?], [li : Si2, lj : Sj2

+
, lk : ?

+
, ?]i # h[li : Si3, lk : Sk3, lj : ?

+
, ?], [li : Si4, lk : Sk4, ⇤4]i

Fig. 5. Consistent Transitivity: Part 1

Each elaboration rule corresponds directly to a source GTFL. typing rule. In particular, each
premise typing judgment becomes a corresponding elaboration judgment, and each consistent
subtyping judgment introduces an evidence object, using the initial evidence operator. The initial
evidence operator I[[S1 . S2]] computes the maximal pair hS 01, S 02i of gradual types, with respect to
precision v, such that hS 01, S 02i ` S1 . S2. Naturally, initial evidence is unde�ned if S1 6. S2, but that
circumstance does not arise if type checking succeeds.

The ({if) and ({app) elimination rules produce evidence for extra consistent subtyping judg-
ments that were not evident in the corresponting (Sif) and (Sapp) GTFL. rules. For instance,
({app) demands that S1 . gdom(S1) ! gcod(S1). This extra constraint was implied by the GTFL.
requirement that gcod(S1) be well-de�ned. The elaboration rule, and the corresponding RL term,
make this implicit constraint explicit because it must be enforced at runtime. Similarly, the ({if)
type S2 e_ S3 imposes implicit consistent subtyping constraints on each branch of the conditional.

The tight connection between GTFL. and RL is con�rmed by preservation of well-typedness.
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Improving Abstract Gradual Typing 1:13

# : Ev ⇥ Ev * Ev Consistent Transitivity (cont’d.)

h[li : Si1, lj : Sj1
�j
, lk : Sk

�k , ⇤1], [li : Si2, lj : Sj2
�j ]i # h[li : Si3, lj : Sj3

�j ], [li : Si4, ⇤4]i =

h[li : Si5, lj : Sj5
�j
, lk : Sk

�k , ⇤1], [li : Si6, ⇤4]i

h[li : Si1, lj : Sj1
�j
, lq : Sq1, lk : Sk

�k , ⇤1], [li : Si2, lj : Sj2
�j
, lq : Sq2]i#h[li : Si3, lj : Sj3

�j
, ?], [li : Si4, ⇤4]i =

h[li : Si5, lj : Sj5
�j
, lq : Sq1, lk : Sk

�k , ⇤1], [li : Si6, ⇤4]i

h[li : Si1, lm : Sm1, lj : Sj1
�j
, ln : Sn1

�n
, lk : Sk

�k , ⇤1], [li : Si2, lj : Sj2
�j
, ?]i#

h[li : Si3, lm : Sm3, lp : Sp3, lj : Sj3
�j
, ln : Sn3

�n
, lr : Sr3

�r
, ⇤3], [li : Si4, lm : Sm4, lp : Sp4, ⇤4]i =

h[li : Si5, lm : Sm5, lp : Sp5, lj : Sj5
�j
, ln : Sn5

�n
, lr : Sr5

�r
, lk : Sk

�k , ⇤1], [li : Si6, lm : Sm6, lp : Sp6, ⇤4]i

⇤1 = ? if { lp , lr
�r } , ;

h[li : Si1, lm : Sm1, lj : Sj1
�j
, ln : Sn1

�n
, lq : Sq1

+
, lk : Sk

�k , ⇤1], [li : Si2, lj : Sj2
�j
, lq : Sq2

+
, ?]i#

h[li : Si3, lm : Sm3, lp : Sp3, lj : Sj3
�j
, ln : Sn3

�n
, lr : Sr3

�r
, ?], [li : Si4, lm : Sm4, lp : Sp4, ⇤4]i

=

h[li : Si1, lm : Sm1, lj : Sj1
�j
, ln : Sn1

�n
, lq : Sq1

+
, lk : Sk

�k , ⇤1], [li : Si2, lj : Sj2
�j
, lq : Sq2

+
, ?]i#

h[li : Si3, lm : Sm3, lp : Sp3, lj : Sj3
�j
, ln : Sn3

�n
, lr : Sr3

�r
, lq : ?

+
, ?], [li : Si4, lm : Sm4, lp : Sp4, ⇤4]i

where hSi1, Si2i # hSi3, Si4i = hSi5, Si6i, hSj1, Sj2i # hSj3, Sj3i = hSj5, Sj6i
hSm1, ?i # hSm3, Sm4i = hSm5, Sm6i, hSn1, ?i # hSn3, Sn3i = hSn5, Sn6i
h?, ?i # hSp3, Sp4i = hSp5, Sp6i, h?, ?i # hSr3, Sr3i = hSr5, Sr6i

h�j+n+r , �k i 2 { h;,+i , h+, ;i , h+,+i } , �j+n+r =
8

>

>

><

>

>

>

:

�j �n , �r do not appear
; h�j , �n , �r i = h;, ;, ;i
+ otherwise

hS1, S2i # hS3, S4i unde�ned otherwise

Fig. 6. Consistent Transitivity: Part 2

Proposition 2.8 (Well-formed Translation). If � ` t { e : S then e I � ` t : S .

So the source term t elaborates to a runtime term e that represents t ’s static typing derivation.
RG IHere is where I conjecture about the opposite direction, which I think should clarify what is going onJ
We are now equipped to better explain the statement of preservation in Prop. 2.7. We relate

runtime terms to source terms using the runtime typing judgment e I � ` t : S and source terms
to runtime terms using the translation judgment � ` t { e : S . Preservation clari�es how runtime
terms “learn” new type constraints that are not evident in source programs.

Proposition 2.9 (Replicant). If e I � ` t : S and � ` t { e0 : S Then e v e0.
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